Introduction
In our previous work [DMNO] (written jointly with M. Müger) we introduced the Witt group W of non-degenerate braided fusion categories over an algebraically closed field of characteristic zero. Its definition is similar to that of the classical Witt group W pt of finite abelian groups endowed with a non-degenerate quadratic form with values in × (such groups correspond to pointed braided fusion categories). Namely, W is obtained as the quotient of the monoid of non-degenerate braided fusion categories by the submonoid of Drinfeld centers. In particular, W contains W pt as a subgroup.
The group W pt is explicitly known, see Section 2.7. One would like to have a similarly explicit description of the more complicated categorical Witt group W.
In [DMNO] a number of questions regarding the structure of W was asked. The goal of the present paper is to answer some of these questions and further analyze the structure of W.
The key observation used in this paper is that one can define the Witt group sW of slightly degenerate braided fusion categories and a group homomorphism S : W → sW whose kernel is the cyclic group /16 generated by the Witt classes of Ising categories, see Section 5.3.
It was pointed to us by V. Drinfeld that completely anisotropic slightly degenerate braided fusion categories admit a canonical decomposition into a tensor product (over the category sVec of super vector spaces) of simple categories, see Theorem 4.13. Furthermore, there are very few relations between the classes of simple categories in sW, see Corollary 5.10. This allows to obtain a rather explicit description of the structure of sW (and, consequently, of W) . Namely, we have
where sW pt denotes the subgroup of sW generated by the Witt classes of slightly degenerate pointed braided fusion categories, sW 2 is an elementary Abelian 2-group, and the subgroup sW ∞ is a free Abelian group of countable rank, see Proposition 5.18. In particular, groups W and sW are 2-primary, i.e., have no odd torsion. The organization of the present paper can be summarized as follows. Section 2 contains a necessary background material about fusion categories and definition of the Witt group from [DMNO] . Here we also introduce the notion of tensor product of braided fusion categories over a symmetric category (Section 2.5).
In Section 3 we give a complete classification ofétale algebras in tensor products of braided tensor categories. The main result of this Section is Theorem 3.6.
In Section 4 we establish a tensor product decomposition of a slightly degenerate braided fusion category without non-trivial Tannakian subcategories into a tensor product of simple factors. This is done in Theorem 4.13.
Finally, Section 5 contains the definition of the Witt group of non-degenerate braided fusion categories over a symmetric fusion category E. The principal objects of our study groups W and sW correspond to E = Vec and sVec, respectively. Here we describe the structure of sW (Section 5.4) and describe all relations between the Witt classes of categories C(sl(2), k), k ≥ 1.
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Preliminaries
Throughout this paper our base field is an algebraically closed field of characteristic zero.
Fusion categories.
By definition (see [ENO1] ), a fusion category over is a −linear semisimple rigid tensor category with finitely many simple objects and finite dimensional spaces of morphisms such that its unit object 1 is simple. By a fusion subcategory of a fusion category we always mean a full tensor subcategory closed under taking of direct summands. Let Vec denote the fusion category of finite dimensional vector spaces over . Any fusion category A contains a trivial fusion subcategory consisting of multiples of 1. We will identify this subcategory with Vec. A fusion category A is called simple if Vec is the only proper fusion subcategory of A.
If A and B are fusion subcategories of a fusion category C we will denote by A ∨ B the fusion subcategory of C generated by A and B, that is smallest fusion subcategory which contains both A and B.
A fusion category is called pointed if all its simple objects are invertible. For a fusion category A we denote A pt the maximal pointed fusion subcategory of A.
We will denote A ⊠ B the tensor product of fusion categories A and B.
For a fusion category A we denote by O(A) the set of isomorphism classes of simple objects in A.
Let A be a fusion category and let K(A) be its Grothendieck ring. There exists a unique ring homomorphism FPdim : K(A) → Ê such that FPdim(X) > 0 for any 0 = X ∈ A, see [ENO1, Section 8.1] . For a fusion category A one defines (see [ENO1, Section 8.2] ) its Frobenius-Perron dimension:
(2) FPdim(A) =
X∈O(A)
FPdim(X) 2 .
Let A 1 , A 2 be fusion categories such that FPdim(A 1 ) = FPdim(A 2 ). By [EO, Proposition 2.19 ] a tensor functor F : A 1 → A 2 is an equivalence if and only if it is injective and if and only if it is surjective.
Here we call F injective if it is fully faithful and surjective if every object Y in A 2 is a subobject of F (X) for some X in A 1 .
Braided fusion categories.
A braided fusion category is a fusion category C endowed with a braiding c X,Y : X ⊗ Y ∼ − → Y ⊗ X, see [JS] . For a braided fusion category its reverse C rev is the same fusion category with a new braiding c X,
A braided fusion category is symmetric ifc = c. A symmetric fusion category C is Tannakian if there is a finite group G such that C is equivalent to the category Rep(G) of finite dimensional representations of G as a braided fusion category. It is known [De] that C is Tannakian if and only if there is a braided tensor functor C → Vec.
An example of a non-Tannakian symmetric fusion category is the category sVec of super vector spaces.
Recall from [Mu2] that objects X and Y of a braided fusion category C are said to centralize each other if
The centralizer D ′ of a fusion subcategory D ⊂ C is defined to be the full subcategory of objects of C that centralize each object of D. It is easy to see that D ′ is a fusion subcategory of C. Clearly, D is symmetric if and only if D ⊂ D ′ . The symmetric center of C is its self-centralizer C ′ . A braided fusion category C is called non-degenerate if C ′ = Vec. If C has a spherical structure then C is non-degenerate if and only if it is modular [DGNO1, Proposition 3.7] .
For a fusion subcategory D of a braided fusion category C one has the following properties (see [DGNO1, Corollary 3.11 and Theorem 3.14] ):
Any pointed braided fusion category comes from a pre-metric group, i.e., a finite Abelian group A equipped with a quadratic form q : A → × , see [JS, Section 3] and [DGNO1, Section 2.11] . Let C(A, q) denote the corresponding braided fusion category.
By an Ising braided fusion category we understand a non-pointed braided fusion category of the Frobenius-Perron dimension 4. Such a category has 3 classes of simple objects of the Frobenius-Perron dimension 1, 1, and √ 2. An Ising braided fusion category I is always non-degenerate and I pt ∼ = sVec. It is known that there are 8 equivalence classes of Ising braided fusion categories. See [DGNO1, Appendix B] for a detailed discussion of Ising categories.
The following notion was introduced in [ENO2, Section 2.10]. It plays a crucial role in this paper.
Equivalently, C is slightly degenerate if its symmetric center C ′ is non-trivial and contains no non-trivial Tannakian subcategories.
Let C be a slightly degenerate braided fusion category and let δ denote the simple object generating C ′ . Then δ ⊗ X ∼ = X for any simple X in C, see [Mu1, Lemma 5.4 ]. If C is a pointed slightly degenerate braided fusion category then C ∼ = C 0 ⊠ sVec, where C 0 is a non-degenerate braided fusion category, see [ENO2, Proposition 2.6(ii) ] or [DGNO1, Corollary A.19 ].
Example 2.2. There are several general ways to construct examples of slightly degenerate braided fusion categories.
(i) Let C be a non-degenerate braided fusion category equipped with a braided tensor functor sVec → C. Then the centralizer of the image of sVec in C is a slightly degenerate braided fusion category. (ii) Let C be a non-degenerate braided fusion category. Then C ⊠ sVec is a slightly degenerate braided fusion category.
2.3. Drinfeld center of a fusion category. For any fusion category A its Drinfeld center Z(A) is defined as the category whose objects are pairs (X, γ X ), where X is an object of A and γ X : V ⊗ X ≃ X ⊗ V , V ∈ A, is a natural family of isomorphisms, satisfying well known compatibility conditions. It is known that Z(A) is a non-degenerate braided fusion category, see [DGNO1, Corollary 3.9] . We have (see [ENO1, Theorem 2.15, Proposition 8.12 ]):
For a braided fusion category C there are two braided functors
These functors are injective and so we can identify C and C rev with their images in Z(C). These images centralize each other, i.e., C ′ = C rev . This allows to define a braided tensor functor
It was shown in [Mu3] and [DGNO1, Proposition 3.7 ] that G is a braided equivalence if and only if C is non-degenerate. Let C be a braided fusion category and let A be a fusion category. Let F : C → A be a tensor functor. Definition 2.3. A structure of a central functor on F is a braided tensor functor C → Z(A) together with isomorphism between its composition with the forgetful functor Z(A) → A and F .
Equivalently, a structure of central functor on F is a natural family of isomor-
2.4.Étale algebras in braided fusion categories. Here we recall definition and basic properties ofétale algebras in braided fusion categories, see [DMNO, Section 3] for details.
Let A be a fusion category. In this paper an algebra A ∈ A is an associative algebra with unit, see e.g. [O1, Definition 3.1 ]. An algebra A ∈ A is said to be separable if the multiplication morphism m : A ⊗ A → A splits as a morphism of A-bimodules.
Let C be a braided fusion category. An algebra A in C is calledétale if it is both commutative and separable. We say that anétale algebra A ∈ C is connected if dim Hom C (1, A) = 1.
Example 2.4. Let E = Rep(G) ⊂ C be a Tannakian subcategory of C. The algebra Fun (G) of functions on G is a connectedétale algebra in C.
Let A be anétale algebra in C. Anétale algebra over A is anétale algebra in C containing A as a subalgebra. For a fusion subcategory D ⊂ C we denote by A ∩ D the maximalétale subalgebra of A contained in D.
There is a canonical correspondence betweenétale algebras in C and surjective central functors from C. Namely, let A a fusion category, and let F : C → A be a central functor. Let I : A → C denote the right adjoint functor of F . Then the object A = I(1) ∈ C has a canonical structure of connectedétale algebra, see [DMNO, Lemma 3.5] .
Conversely, let A ∈ C be a connectedétale algebra. Let C A denote the category of right A-modules in C. Then the free module functor
is surjective and has a canonical structure of a central functor. The above constructions (ofétale algebras from central functors and vice versa) are inverses of each other. It was shown in [DMNO, Lemma 3.11 
Note that every right A-module M can be made an A-bimodule in two ways, using the braiding c of C and its reversec. We call M dyslectic (or local) if two resulting bimodules are equal. The category C 0 A of dyslectic A-modules has a canonical structure of a braided fusion category. If C is non-degenerate then so is C 0 A and we have
see [DMNO, Corollary 3.32] . A Lagrangian algebra in a non-degenerate braided fusion category C is a connectedétale algebra A ∈ C such that FPdim(C) = FPdim(A)
2 , see [DMNO, Definition 4.6] . A Lagrangian algebra in C exists if and only if C ∼ = Z(A) for some fusion category A. Moreover, the isomorphism classes of Lagrangian algebras in Z(A) are in bijection with equivalence classes of indecomposable A-module categories, see [KR, Theorem 1.1] and [DMNO, Proposition 4.8] .
Following [DMNO] we say that a braided fusion category C is completely anisotropic if the only connectedétale algebra A ∈ C is A = 1. By Example 2.4, a completely anisotropic category has no Tannakian subcategories other than Vec and so is either non-degenerate or slightly degenerate. By [DMNO, Lemma 5 .12] any central functor from a completely anisotropic braided tensor category is injective. Definition 2.5. Let E be a symmetric fusion category. A fusion category over E is a fusion category A equipped with a braided tensor functor T : E → Z(A).
In this paper we will only consider fusion categories A over E with the property that the composition of T with the forgetful functor Z(A) → A is fully faithful. Note that this property is automatically satisfied for E = sVec.
To define tensor functors over E we need the following auxiliary construction, generalizing the notion of the Drinfeld center of a fusion category, see Section 2.3.
Let F : A → B be a tensor functor. Its relative center Z(F ) is the category of pairs (Z, z), where Z is an object of B and z X : Z ⊗ F (X) ∼ − → F (X) ⊗ Z is a collection of isomorphisms, natural in X ∈ A, and such that the following diagram
is the tensor structure of F . Here and below we suppress all identity morphisms and associativity constraints.
The category Z(F ) is tensor with respect to the tensor product given by
where (z ⊗ w) X is the composition
Remark 2.6. Let B ⊂ A be a fusion subcategory and F : B ֒→ A be an embedding. Then Z(F ) is the relative center of B in A [Ma] . In particular, the relative center Z(id A ) of the identity functor id A : A → A is Z(A).
Clearly, the forgetful functor Z(F ) → B is tensor. There are two canonical tensor functors Z(A) → Z(F ), Z(B) → Z(F ) which fit into a commutative diagram of tensor functors:
Definition 2.7. A tensor functor F : A → B between fusion categories over E is called a tensor functor over E if the following diagram of tensor functors commutes up to a tensor isomorphism:
In other words, a structure of a tensor functor over E on F : A → B is a tensor isomorphism u E :
commutes. Here the vertical arrows are the central structures of T A (E) and T B (E), respectively. A tensor natural transformation a : F → G between tensor functors over E is a tensor natural transformation over E if the diagram
vE y y r r r r r r r r r r T B (E) commutes for any E ∈ E. Here u E and v E denote the structures of functors over E for F and G, respectively.
Note that relative centers of successive tensor functors F : A → B, G : B → C are related to the relative center of the composition by a pair of canonical tensor e e J J J J J J J J J
Z(A)
; ; w w w w w w w w w Z(B)
This allows us to compose tensor functors over E. In other words, the structure of tensor functor over E on the composition G • F is given by
Thus we have a 2-category Fus E of fusion categories, functors and natural transformations over a symmetric fusion category E.
Let us explain the functoriality of 2-categories Fus E with respect to braided tensor functors E → F . Construct a base change 2-functor
Here the tensor product A ⊠ E F of fusion categories over E is defined as follows. Consider a composition of braided tensor functors
where the first is given by the braided functor E → F and the second is the tensor product of F . Denote by R the right adjoint to the composition. The value R(1) on the unit object is a connectedétale algebra in E ⊠ F . Denote by A its image in
Note that Deligne tensor product of fusion categories induces a 2-functor
Assume that F = E and compose the above 2-functor with the base change 2-functor
induced by the tensor product functor E ⊠ E → E (which is a braided monoidal functor). This gives a 2-functor (the Deligne tensor product over E)
which turns Fus E into a monoidal 2-category.
Remark 2.8. More explicitly, we define A⊠ E B as the category of (right) A-modules
with R : E → E ⊠ E being the right adjoint functor to the tensor product functor
Note that our construction gives the tensor product of fusion categories over a symmetric category defined by Greenough in [G, Section 6] .
The base change 2-functors preserve tensor product, i.e., are monoidal:
Definition 2.9. A braided fusion category over E or braided fusion E-category is a braided fusion category C equipped with a braided tensor embedding T : E → C
′ . An E-subcategory of a braided fusion E-category is its fusion subcategory containing E.
A braided fusion category over E can be seen as a fusion category over E with a braided functor T C : E → Z(C) defined as the composition of braided functors
Let C and D be braided fusion categories over E. Since the functors
′ . Thus the category of modules (A ⊠ B) A coincides with its subcategory of local modules (A ⊠ B) 0 A and hence is braided. In other words the Deligne tensor product C ⊠ E D of two braided fusion categories over E is a braided fusion category over E.
Remark 2.10. Recall from [JS, section 5 ] that a braiding on a fusion category C is equivalent to a monoidal structure on the tensor product functor ⊗ : C ⊠ C → C. In slightly more general and abstract terms, the 2-category Fus br of braided fusion categories is bi-equivalent to the 2-category of pseudo-monoids in Fus. The above statement can be generalized to fusion categories over E. It is not hard to see that the structure of a braided fusion category over E on C is equivalent to a monoidal structure on the tensor product functor ⊗ : C ⊠ E C → C. Again reformulating it in slightly more general and abstract terms, the 2-category Fus br E of braided fusion categories is bi-equivalent to the 2-category of pseudo-monoids in Fus E . This in particular allows us to extend base change to braided fusion categories over E. More precisely, for a braided fusion category C over a symmetric E and for a symmetric tensor functor E → F the base change C ⊠ E F has a natural structure of a braided fusion category over F .
2.6. De-equivariantization. Let A be a fusion category and let E = Rep(G) be a Tannakian subcategory of Z(A) which embeds into A via the forgetful functor Z(A) → A. Then A is a fusion category over E. The de-equivariantization of A is the fusion category A ⊠ E Vec obtained from A by means of the base change (12) corresponding to the braided fiber functor E → Vec.
Explicitly, A ⊠ E Vec = Rep A (A) where A = Fun(G) is the regular algebra of E (viewed as anétale algebra in Z(A)), see Example 2.4 and Rep A (A) is defined in [DMNO, Definition 3.16] There is a canonical surjective tensor functor A → A ⊠ E Vec assigning to each X ∈ A the free A-module X ⊗ A.
The above construction extends to braided fusion categories as follows. Let E ⊂ C ′ be a Tannakian subcategory. Then C is a braided fusion category over E, its de-equivariantization C ⊠ E Vec is a braided fusion category, and the canonical central tensor functor C → C ⊠ E Vec is braided.
We refer the reader to [DGNO1, Section 4] for details.
Remark 2.11. Tensor product of fusion categories A and B over a symmetric category E defined in Section 2.5 is a special case of de-equivariantization. Indeed, let F be the Tannakian subcategory of E ⊠ E such that (E ⊠ E) ⊠ F Vec ∼ = E (existence of such a subcategory F follows from [DMNO, Corollary 3.22] since the tensor product functor ⊗ : E ⊠ E → E is braided). Then
Theétale algebra A ∈ Z(A ⊠ B) constructed in Remark 2.10 identifies with the regular algebra of F .
Proposition 2.12. Let A be a fusion category over a Tannakian category E such that the functor E → Z(A) is an embedding. Then
(Here we identify E with its image in Z(A)).
Proposition 2.12 is proved in [ENO2, Proposition 2.10].
Proposition 2.13. Let C be a braided fusion category, let E ⊂ C ′ be a Tannakian subcategory, and let D ⊂ C be a fusion subcategory containing E. The braided fusion category D ′ ⊠ E Vec is equivalent to the centralizer of D ⊠ E Vec in C ⊠ E Vec. In other words, de-equivariantization of braided fusion categories commutes with taking the centralizers. 2.7. The Witt group of non-degenerate braided fusion categories. The Witt group W of non-degenerate braided fusion categories was defined in [DMNO] .
Two non-degenerate braided fusion categories C 1 and C 2 are Witt equivalent if there exist fusion categories A 1 and A 2 such that [DMNO, Section 5.3] . The latter coincides with the classical Witt group of metric groups (i.e., finite abelian groups equipped with a non-degenerate quadratic form). The group W pt is explicitly known, see e.g., [DGNO1, Appendix A.7] . Namely,
where W pt (p) ⊂ W pt consists of the classes of metric p−groups.
The group W pt (2) is isomorphic to /8 ⊕ /2 ; it is generated by two classes [C( /2 , q 1 )] and [C( /4 , q 2 )], where q 1 , q 2 are any non-degenerate forms. For p ≡ 3 (mod 4) we have W pt (p) ∼ = /4 and the class [C( /p , q)] is a generator for any non-degenerate form q. For p ≡ 1 (mod 4) the group W pt (p) is isomorphic to /2 ⊕ /2 ; it is generated by the two classes [C( /p , q
, where ζ is a primitive pth root of unity in and n is any quadratic non-residue modulo p.
It was also explained in [DMNO, Section 6.4 ] that W contains a cyclic subgroup W Ising of order 16 generated by the Witt classes of Ising braided fusion categories. This group can explicitly be described as follows. For every Ising braided category I the class [I] is a generator of W Ising . The unique index 2 subgroup of W Ising consists of the Witt classes of categories C(A, q), where (A, q) is a metric group of order 4 such that there exists u ∈ A with q(u) = −1 (cf. [DGNO1, §A.3 
.2]).
2.8. Tensor categories from affine Lie algebras. Let g be a finite dimensional simple Lie algebra and letĝ be the corresponding affine Lie algebra. For any k ∈ >0 let C(g, k) be the category of highest weight integrableĝ−modules of level k, see e.g. [BaKi, Section 7 .1] where this category is denoted O int k . The category C(g, k) can be identified with the category Rep(V (g, k)), where V (g, k) is the simple vertex operator algebra (VOA) associated with the vacuumĝ−module of level k, the affine VOA. Thus the category C(g, k) has a structure of modular tensor category, see [HuL] , [BaKi, Chapter 7] . In particular the category C(g, k) is braided and non-degenerate.
Example 2.14. The category C(sl(n), 1) is pointed. It identifies with C( /n , q) where q(l) = e πil 2 n−1 n , l ∈ /n . More generally, for a simply laced g the category C(g, 1) is pointed [FK] .
The following formula for the central charge is very useful, see e.g. [BaKi, 7.4 .5]:
∨ is the dual Coxeter number of the Lie algebra g. Here we collect some basic facts about categories C(sl(2), k).
Simple objects [j] of C(sl(2), k) are labelled by integers j = 0, ..., k. The decomposition of tensor products of simple objects is given by
There is a canonical ribbon structure on C(sl(2), k) :
which gives the square of the braiding:
4(k+2) . The Frobenius-Perron dimensions of simple objects are
The Frobenius-Perron dimension of of
8(k+2) .
3.Étale algebras in tensor products of braided fusion categories
Let C be a braided fusion category.
3.1.Étale subalgebras.
Lemma 3.1. Let A be anétale algebra in C. There is a bijection betweenétale algebras over A andétale algebras in C 0 A . Proof. This statement was proved in [DMNO, Proposition 3.16] . See also [FFRS, Lemma 4.13] and [Da, Proposition 2.3.3] . Hence, the category D A∩D coincides with D−module subcategory of C A generated by A ∈ C A , see [O1, Section 3.3] ; in particular this category is semisimple. This completes the proof.
Corollary 3.3. Assume C is a braided fusion category. Let A ∈ C be anétale algebra and let D ⊂ C be a fusion subcategory. Then A ∩ D isétale.
Remark 3.4. An interesting open question is whether any subalgebra of anétale algebra isétale.
3.2. Classification ofétale algebras in tensor products. Let C be a braided fusion category. Let G : C ⊠ C rev → Z(C) be the canonical braided tensor functor, see (9). The tensor product functor ⊗ : C ⊠ C rev → C factors through G and so has a natural structure of central functor. Let I ⊗ : C → C ⊠ C rev be the right adjoint functor of ⊗. The object I ⊗ (1) ∈ C ⊠ C rev has a structure ofétale algebra, see Section 2.4.
It is easy to compute that I ⊗ (1) = X∈O(C) X * ⊠ X. Thus, for a braided fusion category C the object X∈O(C) X * ⊠ X ∈ C ⊠ C rev has a canonical structure of connectedétale algebra.
We now generalize this construction as follows. Let C and D be two braided fusion categories and let A 1 ∈ C and A 2 ∈ D be two connectedétale algebras. Let ≃ D 1 be a braided equivalence. Using tensor functors
and Lemma 3.1 we can consider the algebra I ⊗ (1) ∈ C 1 ⊠ C rev 1 as anétale algebra over
Lemma 3.5. We have
Proof. For an object M ∈ C A1 we have two possible Frobenius-Perron dimensions: FPdim(M ) where M is considered as an object of fusion category C A1 and FPdim C (M ) where M is considered as an object of fusion category C. It is a straightforward consequence of [ENO1, Proposition 8.7 ] that
We have:
Here is the main result of this section:
Theorem 3.6. The algebras A(A 1 , A 2 , C 1 , D 1 , φ) are pairwise non-isomorphic and any connectedétale algebra in C ⊠ D is isomorphic to one of them.
Proof. Let A be anétale algebra in C ⊠ D. We will construct data
. By Corollary 3.3 the algebras A 1 ∈ C, A 2 ∈ D and A 1 ⊠ A 2 ∈ C ⊠ D are connectedétale. The algebra A can be considered as anétale algebra in (C ⊠ D) 3.3. Lagrangian algebras in the center of non-degenerate braided fusion category. Let C be a non-degenerate braided fusion category. We introduced the notion of a Lagrangian algebra in C in Section 2.4.
Proposition 3.7. Let C be a non-degenerate braided fusion category. A Lagrangian algebra in Z(C) is of the form A(A 1 , A 2 , C 1 , D 1 , φ) with FPdim(A 1 ) = FPdim(A 2 ),
rev , see Section 2.2. Using Lemma 3.5 and (11) we have
and, similarly,
The result follows.
Corollary 3.8. Let C be a non-degenerate braided fusion category. Equivalence classes of indecomposable module categories over C are parameterized by isomorphism classes of triples (A 1 , A 2 , φ) where A 1 , A 2 ∈ C are connectedétale algebras and φ :
Proof. This statement follows by combining Proposition 3.7 and the bijection between module categories over a fusion category and Lagrangian algebras in its center, see Section 2.4.
Remark 3.9. The case A 1 = A 2 = 1 corresponds to the invertible module categories over C, see [ENO3, §5.4 ]. The result above shows that the invertible module categories over C are in bijection with braided autoequivalences of C. This is a weak form of [ENO3, Theorem 5 .2].
Remark 3.10. In the setup of Rational Conformal Field Theory, the category C is the representation category of a vertex algebra and a Lagrangian algebra A ∈ C ⊠ C rev (or rather the underlying vector space) is the Hilbert space of physical states; the class [A] ∈ K(C ⊠ C rev ) = K(C) ⊗ K(C) is the modular invariant (or partition function) of the theory. In the physical terminology, the modular invariant is of type I if A 1 = A 2 and φ = id; of type II if A 1 = A 2 but φ ≃ id; and is heterotic if A 1 ≃ A 2 (one should be careful, sometimes the same terminology is used when A 1 , A 2 , φ are replaced by their classes in the Grothendieck group). In this language, Proposition 3.7 says that each modular invariant has two type I "parents". This result was initially observed by physicists [MS, DV] ; one finds mathematical treatments in [BE, FFRS] . 
Subcategories of Z(A). Let A be a fusion category and let Z(A) be its Drinfeld center with forgetful functor F : Z(A) → A. Let C ⊂ Z(A) be a fusion subcategory and let C ′ ⊂ Z(A) be its Müger centralizer in Z(A).
Theorem 3.12. The forgetful functor C → A is injective if and only if the forgetful functor C ′ → A is surjective.
The proof of Theorem 3.12 is given in Section 3.5.
Remark 3.13. Let C 1 and D be non-degenerate braided fusion categories and let A ∈ C 1 ⊠D be a connectedétale algebra such that A∩C 1 = 1. Let C Theorem 3.14. Let C 1 , C 2 , D be non-degenerate braided fusion categories. The existence ofétale algebra A ∈ C 1 ⊠ D such that A ∩ C 1 = 1 and (C 1 ⊠ D)
is equivalent to the existence ofétale algebra B ∈ D ⊠ C 2 such that B ∩ C 2 = 1 and
This Theorem is a special case 1 of [FFRS, Theorem 7.20 ]; see loc. cit. for the explanation of its significance for the Rational Conformal Field Theory.
1 In [FFRS, Theorem 7.20 ] the assumption on non-degeneracy of the categories C 1 and C 2 (but not D!) is dropped. Recall from Lemma 3.2 that for a fusion subcategory C ⊂ Z(A), the subalgebra C ∩ I(1) ⊂ I(1) isétale.
Theorem 3.15. Let C ⊂ Z(A) be a fusion subcategory. Then A(C ∩ I (1)) is precisely the image F (C ′ ) of C ′ in A under the forgetful functor.
Proof. It is clear that the image of C ′ in A ≃ Z(A) I(1) consists of modules which are dyslectic when restricted to
with equality if and only if F (C ′ ) = A(C ∩ I(1)). Using (15) and [DMNO, Lemma 3 .11] we see that (16) is equivalent to
.
Interchanging C and C ′ we get
Multiplying (17) and (18) and canceling the denominators we get
However it follows from (5) and (6) that FPdim(C)FPdim(C ′ ) = FPdim(Z(A)) = FPdim(A) 2 . Thus we had an equality in (16) and Theorem is proved.
Proof of Theorem 3.12. The injectivity of the forgetful functor F : C → A is equivalent to C ∩ I(1) = 1. Since B → A(B) is an anti-isomorphism of lattices, the condition A(B) = A is equivalent to B = 1. Thus Theorem 3.12 follows from Theorem 3.15.
4.
Tensor product decomposition of a slightly degenerate braided fusion category 4.1. Non-degenerate braided fusion categories over a symmetric category.
Definition 4.1. Let E be a symmetric fusion category and let C be a braided fusion category over E. We say that C is non-degenerate over E if E = C ′ , i.e., if E coincides with the symmetric center of C.
Remark 4.2. In this terminology a slightly degenerate braided fusion category is a non-degenerate braided fusion category over sVec.
The following is a generalization of the decomposition theorem ([Mu2] , [DGNO1, Theorem 3.13] ) for non-degenerate braided fusion categories to the case of categories over E. Proposition 4.3. Let C be a non-degenerate braided fusion category over E and let D ⊂ C be its E-subcategory. Suppose that D is non-degenerate over E. Then the centralizer D ′ of D in C is also non-degenerate over E and there is a braided tensor equivalence over E:
by (5) and [DGNO1, Lemma 3.38] . The tensor multiplication defines a surjective braided tensor functor Let E be a symmetric fusion category and let A be a fusion category over E such that the composition of E → Z(A) and the forgetful functor Z(A) → A is fully faithful. We will denote by Z(A, E) the centralizer of E in Z(A). Observe that Z(A, E) is a non-degenerate braided fusion E-category. Let F E : Z(A, E) → A denote the forgetful functor. By Theorem 3.12 the functor F E is surjective.
Corollary 4.4. Let C be a non-degenerate braided fusion category over E. Then there is a braided tensor equivalence over E
Proof. Let us view C and C rev as fusion subcategories of Z(C). Clearly, they are centralizers of each other. By definition, Z(C, E) is the centralizer of E in Z(C), therefore, using [Mu2, Lemma 2.8] and (4) we get
and the result follows from Proposition 4.3.
Let A be a connectedétale algebra in Z(A, E). The category Rep A (A) of F E (A)-modules in A has a canonical structure of a multi-fusion category over E (i.e., its unit object is not necessarily simple) with the embedding E ֒→ Z(Rep A (A)) given by the free module functor, i.e., X → X ⊗ F E (A) for all X ∈ E.
Proposition 4.5. There is a canonical braided tensor equivalence
Proof. There is a braided equivalence Z(A) [Sch, Corollary 4.5] and [DMNO, Theorem 3.20] . It commutes with inclusions of E and, hence, restricts to a braided equivalence (21).
Let A be a connectedétale algebra in a non-degenerate braided fusion category C over E such that A ∩ E = 1. This algebra A can be considered as a connected etale algebra in C rev and in Z(C, E) via the embedding
Under equivalence (20) we have
Corollary 4.6. Let C be a non-degenerate braided fusion category and let A ∈ C be a connectedétale algebra such that A ∩ E = 1. There is a braided equivalence
In particular, the category C 0 A is non-degenerate over E. Proof. This is a direct consequence of equivalence (22) and Proposition 4.5.
Proposition 4.7. Let A 1 , A 2 be fusion categories over E. There is an equivalence of braided fusion categories over E
Proof. Start with E ⊠E ֒→ Z(A 1 ⊠A 2 ) and let F denote the Tannakian subcategory of E ⊠ E such that
Consider the centralizers of E ⊠ E and F in Z(A 1 ⊠ A 2 ). We have embedding
By Proposition 2.12 braided fusion category Z(
On the other hand,
Thus, existence of the braided equivalence (23) follows from Proposition 2.13.
Slightly degenerate braided fusion categories.
Definition 4.8. A braided s-category is a braided fusion category over sVec.
In other words, a braided s-category is a braided fusion category C equipped with a braided tensor functor T : sVec → C ′ . Such a functor T is necessarily injective. An s-subcategory of a braided s-category C is a fusion subcategory C 1 ⊂ C containing T (sVec). Note that an s-subcategory of a braided s-category is a fusion category over sVec. Let C 1 , . . . , C n be braided s-categories. One defines their tensor product over sVec by iterating the construction of Section 2.5. The equivalence class of the resulting braided s-category does not depend on the order in which products are taken. By transitivity of de-equivariantization (see [DGNO1, Lemma 4.32] ) there is a braided tensor equivalence
whereẼ is the maximal Tannakian subcategory of (sVec)
Clearly,Ẽ ∼ = Rep(G) where G ∼ = ( /2 ) n−1 is an elementary Abelian 2-group. There is canonical action of the group G on the tensor product C 1 ⊠ sVec · · · ⊠ sVec C n by braided tensor autoequivalences, see [DGNO1, Section 4] .
Proposition 4.11. Let C 1 , . . . , C n be slightly degenerate braided fusion categories. The canonical action of G on C 1 ⊠ sVec · · · ⊠ sVec C n is identical on objects, i.e., g(X) ∼ = X for all objects X ∈ C 1 ⊠ sVec · · · ⊠ sVec C n and all g ∈ G.
Proof. Let A = Fun(G) be the regular algebra inẼ. Recall that the action of
Thus, it suffices to show that every simple A-module in C 1 ⊠ sVec · · · ⊠ sVec C n is free. Since the functor of taking free A-module
is surjective, the last property is equivalent to every free A-module being simple.
In our situation A is equal to the direct sum of objects δ 1 ⊠ · · · ⊠δ n in C 1 ⊠ · · · ⊠C n , where each δ i , i = 1, . . . , n, is isomorphic to 1 or δ and the number of i ′ s for which δ i ∼ = δ is even. Since δ ⊗ Y ∼ = Y for any simple object Y of a slightly degenerate category (see Section 2.2) it follows that every free A-module in C 1 ⊠ · · · ⊠ C n is a direct sum of 2 n−1 non-isomorphic simple objects in C 1 ⊠ · · · ⊠ C n . It is easy to see that every such A-module is necessarily simple.
Corollary 4.12. Let C 1 , . . . , C n be slightly degenerate braided fusion categories. LetẼ denote the maximal Tannakian subcategory of (sVec) ⊠n ֒→ C 1 ⊠ · · · ⊠ C n . There is an isomorphism between the lattice of fusion subcategories of C 1 ⊠ · · · ⊠ C n containingẼ and the lattice of fusion subcategories of C 1 ⊠ sVec · · · ⊠ sVec C n given by
Proof. By [DGNO1, Proposition 4.30(i) ] there is an isomorphism between the lattice of fusion subcategories of C 1 ⊠ · · · ⊠ C n containingẼ and the lattice of G-stable fusion subcategories of
So the statement follows from Proposition 4.11. 4.3. Decomposition Theorem. The next Theorem is a special case of a result from [DGNO2] . We include the proof for the reader's convenience. Theorem 4.13. Let C be a slightly degenerate braided fusion category. Suppose C has no Tannakian subcategories other than Vec. Then
(1) There exist s-simple subcategories C 1 , . . . , C m ⊂ C determined uniquely up to a permutation of indices such that
(2) Every fusion subcategory D ⊂ C has the form
Proof. Since C has no non-trivial Tannakian subcategories, we see that Vec and C ′ = sVec are the only symmetric subcategories of C. For any fusion subcategory D ⊂ C the category D ∩ D ′ is symmetric. Therefore, D is either non-degenerate (if sVec ⊂ D) or slightly degenerate (if sVec ⊂ D).
In particular, C pt is slightly degenerate. Therefore, C ′ pt is slightly degenerate and C ∼ = C pt ⊠ sVec C ′ pt by Proposition 4.3. So it suffices to prove the Theorem in the case when C pt = sVec.
If C is s-simple then there is nothing to prove. Otherwise, let C 1 be an s-simple subcategory of C.
is not s-simple choose its s-simple subcategory C 2 and apply Proposition 4.3 again. Continuing in this way we obtain decomposition (24).
Let us prove the uniqueness assertion. Let D be an s-subcategory of C. By Corollary 4.12 there is a fusion subcategoryD
LetD i ⊂ C i be the fusion subcategory consisting of all objects X i ∈ C i such that there is an object
Let us analyze the former case. Let B i ⊂ C i be a fusion subcategory generated by objects contained in X i ⊗ X * i , where X i is simple object inD i . Since
category B i is contained inD. We claim that B i = C i . Indeed, otherwise B i = sVec since C i is s-simple. Hence, FPdim(Y ) = √ 2 for every simple noninvertible object Y ∈D i . Therefore, Y ⊗ Y = 1 ⊕ δ and so Y generates an Ising subcategory I ⊂D i . But this is impossible since on the one hand I is nondegenerate (see Section 2.2) and on the other handD
where {i 1 , . . . , i k } is a subset of {1, 2, . . . , n}. It follows that
In particular, if D is s-simple then D = C i for some i. This implies uniqueness of the tensor decomposition of C.
5. The Witt group of slightly degenerate braided fusion categories 5.1. The Witt group of non-degenerate braided fusion categories over E.
Definition 5.1. Let C 1 and C 2 be non-degenerate braided fusion categories over a symmetric fusion category E such that the corresponding braided tensor fumctors E → C i , i = 1, 2, are fully faithful. We will say that C 1 and C 2 are Witt equivalent if there exist fusion categories A 1 , A 2 over E and a braided equivalence over E
It follows from Proposition 4.7 that the Witt equivalence of non-degenerate braided fusion categories over E is indeed an equivalence relation. We will denote the Witt equivalence class of a non-degenerate braided fusion E-category C by [C] . The set of Witt equivalence classes of slightly degenerate braided fusion categories will be denoted W(E). Clearly, W(E) is a commutative monoid with respect to the multiplication ⊠ E . The unit of this monoid is [E].
Lemma 5.2. The monoid W(E) is a group.
Proof. This immediately follows from Corollary 4.4.
Proposition 5.3. Let A be a connectedétale algebra in a non-degenerate category
Proof. The result follows from Corollary 4.6.
Definition 5.4. Let E be a symmetric fusion category and let C be a braided fusion category over E. We say that C is completely E-anisotropic if every connectedétale algebra in C belongs to E.
For E = Vec, sVec the above notion coincides with the usual complete anisotropy, cf. Section 2.4.
Theorem 5.5. Each equivalence class in W(E) contains a completely E-anisotropic category category that is unique up to a braided equivalence.
Proof. This is completely parallel to [DMNO, Theorem 5.13 ].
Proposition 5.6. Let C be a non-degenerate braided fusion category over E. Then C ∈ [E] if and only if there exist a fusion category A over E and an equivalence C ∼ = Z(A, E) of braided fusion categories over E.
Proof. This is completely parallel to [DMNO, Proposition 5.8] . By definition, C ∈ [E] if and only if
Let A 1 ∈ Z(A 1 , E) be the connectedétale algebra corresponding to the forgetful central functor Z(A 1 , E) → A 1 . We have
where the last equivalence is by Proposition 4.5.
We have W(Vec) = W, the Witt group of non-degenerate braided fusion categories introduced in [DMNO] , see Section 2.7.
Let us denote sW := W(sVec).
Definition 5.7. The group sW is called the Witt group of slightly degenerate braided fusion categories.
The group sW is the main object of our analysis in the remainder of this paper.
Remark 5.8. The base change along E → F defines a group homomorphism W(E) → W(F ). Since by Deligne's theorem [De] any symmetric fusion category E has a surjective braided tensor functor either into Vec or to sVec (i.e., E is either Tannakian or super-Tannakian) it follows that each W(E) has a canonical homomorphism either to W or to sW.
Relations in sW.
Let C be a completely anisotropic slightly degenerate braided fusion category and let
be its decomposition into tensor product of s-simple subcategories from Theorem 4.13. Then categories C pt , C 1 , . . . , C m are completely anisotropic. Next Theorem extends [DMNO, Theorem 5.19 ] to slightly degenerate categories. It describes all central functors on tensor products of completely anisotropic ssimple braided fusion categories (and, hence, all connectedétale algebras in such products).
Theorem 5.9. Let C 1 , . . . , C m be completely anisotropic s-simple braided fusion categories. Let
be a surjective central tensor functor.
(1) There is a subset J ⊂ {1, . . . , m} such that
(2) There is a surjective map f : {1, . . . , m} → J such that |f −1 (j)| ≤ 2 for all j ∈ J and
and F j is the forgetful tensor functor
Proof. Let A j ⊂ A denote the image of C i in A, j = 1, . . . , m. Since C j is completely anisotropic, we have A j ∼ = C j . Clearly, A = ∨ m j=1 A j . The set J is formed by induction as follows. Set J 1 = {1}. Suppose for some k < m a subset J k is chosen in such way that
In the former case set J k+1 = J k . Clearly, we have
In the latter case ∨ k+1 j=1 A j is generated by two fusion subcategories, ∨ k j=1 A j and A k+1 , whose intersection is sVec. The composition of F with the tensor product of C gives rise to a surjective tensor functor
It follows from [DGNO1, Lemma 3.38 ] that both sides of (27) have equal FrobeniusPerron dimension. Therefore, (27) is an equivalence and J := J n is the required subset. This proves part (1). The functor F factors as
Since C 1 ⊠ sVec · · · ⊠ sVec C n is slightly degenerate, the braided tensor functor F ′ is injective. Define an embedding {1, . . . , m} ֒→ J ⊔ J by
This embedding is well defined by Theorem 4.13. Let f : {1, . . . , m} ֒→ J ⊔ J → J to be the composition of the above embedding and the diagonal map. Since F is surjective, so is f . Since C 1 ⊠ sVec · · · ⊠ sVec C m is slightly degenerate the braided tensor functor F ′ is injective. Therefore, f −1 (j) contains at most 2 elements for every j ∈ J and F decomposes as a product of central tensor functors
This proves part (2). Part (3) is an immediate consequence of the above definition of f .
Corollary 5.10. Let C 1 , . . . , C m be completely anisotropic s-simple braided categories. Suppose that there exists a fusion category A over sVec such that
Then there exists a fixed point free involution a of the set {1, . . . , m} such that
Proof. Let us use the notation of Theorem 5.9. In this case {1, . . . , m} = J ⊔ J and the map f : {1, . . . , m} → J is two-to-one. Hence, it gives rise to a fixed point free involution of {1, . . . , m}. 5.3. A canonical homomorphism W → sW. Let W be the Witt group of nondegenerate braided fusion categories, see Section 2.7 and [DMNO] . Define a map
Proposition 5.13. The map (28) is a well defined homomorphism.
Proof. It suffices to check that (a) S maps the trivial class in W to the trivial class in sW and that (b) S is multiplicative. Let C be a non-degenerate braided fusion category such that C ∼ = Z(A) for some fusion category A. Let us view sVec as a symmetric subcategory of Z(Vec /2 ). Then C ⊠sVec is the centralizer of Vec⊠sVec in C ⊠ Z(Vec /2 ) ∼ = Z(A ⊠ Vec /2 ), i.e., the class of S([C]) = [C ⊠ sVec] in sW is trivial. This proves (a). The verification of (b) is straightforward:
for all non-degenerate braided fusion categories C 1 and C 2 .
Recall from Section 2.7 that W contains a cyclic subgroup W Ising of order 16 generated by the Witt classes of Ising braided fusion categories.
Proposition 5.14. The kernel of homomorphism (28) is W Ising .
Proof. Let C be a non-degenerate braided fusion category such that
for some fusion category A over sVec. Then Z(A) ∼ = C ⊠ C 1 where C 1 is a nondegenerate braided fusion category of the Frobenius-Perron dimension 4 containing sVec. It is easy to see that categories with the above property are precisely Ising braided categories and pointed braided categories C(A, q) associated with metric groups (A, q) of order 4 such that there exists u ∈ A with q(u) = −1.
−1 in W we see that the kernel of S is W Ising (see Section 2.7).
Question 5.15. At the moment of writing we do not know whether the homomorphism (28) is surjective. More generally, can one always embed a slightly degenerate braided fusion category C into a non-degenerate braide fusion category D such that FPdim(D) = 2FPdim(C)?
5.4. The structure of sW. Let sW pt denote the subgroup of sW generated by the Witt classes of slightly degenerate pointed braided fusion categories.
Proposition 5.16. We have
where sW pt (p) is the group generated by classes of slightly degenerate pre-metric p-groups:
Proof. By [DGNO1, Corollary A.19 ] sW pt is a surjective image of the restriction of homomorphism (28) on the subgroup
The intersection of W pt with Ker(S) = W Ising is contained in W pt (2) ∼ = /8 ⊕ /2 and is isomorphic to /8 , whence sW pt (2) ∼ = /2 and sW pt (p) ∼ = W pt (p) for p > 2.
Corollary 5.17. The group sW is 2-primary, i.e., it has no non-trivial elements of odd order.
Proof. Let C be a completely anisotropic slightly degenerate braided fusion category. Then C ∼ = C pt ⊠ sVec C ′ pt and the category C Let sW 2 (respectively, sW ∞ ) denote the subgroups of sW generated by the Witt classes of completely anisotropic s-simple braided fusion categories of the the Witt order 2 (respectively, of infinite Witt order).
Proposition 5.18. We have
The subgroup sW 2 is an elementary Abelian 2-group and the subgroup sW ∞ is a free Abelian group of countable rank.
Proof. That sW = sW pt + sW 2 + sW ∞ is a consequence of Theorem 4.13 and Corollary 5.12. By Corollary 5.10 the only non-trivial relations in sW involving the classes of s-simple categories are of the form 2[C] = 0 for [C] ∈ sW 2 . This proves that the sum is direct and that sW ∞ is free. By [DMNO, Section 6.4 ] the Witt group W contains a free Abelian subgroup of countable rank. The homomorphism S embeds this subgroup into sW ∞ , so the latter has a countable rank as well.
Corollary 5.19. The group W is 2-primary. The maximal finite order of an element of W is 32.
Proof. Let C be a completely anisotropic non-degenerate braided fusion category. If the order of [C] in W is odd then sW contains a non-trivial element of odd order, which is impossible by Corollary 5.17. Thus, W is 2-primary. Suppose that the order of [C] in W is finite and ≥ 64. We have C ∼ = P ⊠ C 1 , where P is a pointed non-degenerate braided fusion category and C 1 is non-degenerate and such that ( Note that W does contain an element of order 32, namely the Witt class of C(sl(2), 6) (see [DMNO, Section 6.4 
]).
Remark 5.20. The subgroup sW 2 is non-zero. Indeed, it contains non-zero elements S([C(so(2n+1), 2n+1)]), n ≥ 1. From the existence of conformal embeddings so(m) m × so(m) m ⊂ so(m 2 ) 1 we see that the Witt classes [C(so(2n + 1), 2n + 1)] are square roots of the classes of Ising categories. Hence, they all have order 32 in the Witt group W. Therefore, S([C(so(2n + 1), 2n + 1)]) ∈ sW 2 by Corollary 5.12.
We conjecture that the classes S([C(so(2n + 1), 2n + 1)]), n ≥ 1, are pairwise Witt non-equivalent in sW, so that sW 2 has an infinite order. 5.5. The subgroup of W generated by classes [C(sl(2), k)], k ≥ 1. We use the notations and observations made in [DMNO, Section 6.4] . For the basic facts about categories C(sl(2), k) see section 2.8.
It follows from the fusion rules of C(sl (2) . Consider three different cases of the level : k = 2l + 1, k = 4l, and k = 4l + 2. For k = 2l + 1 the pointed part C(sl(2), k) pt is non-degenerate. By Müger's decomposition theorem [Mu2] C(sl(2), k) ≃ C(sl(2), k) pt ⊠ C(sl(2), k) + .
It can be seen by looking at the fusion rules that C(sl(2), k) + is simple. It is also completely anisotropic. Note that C(sl(2), 1) pt = C(sl(2), 1) and its class has order 8 in the Witt group W: For k = 4l+2 the pointed part C(sl(2), k) pt is equivalent to sVec. The centraliser C(sl(2), 4l + 2) + is a slightly degenerate category. By inspecting fusion rules it becomes clear that C(sl(2), 4l + 2) + is s-simple. It is non-trivial (i.e., does not coincide with sVec) for l > 0. Triviality of C(sl(2), 2) + corresponds to the fact that C(sl(2), 2) is an Ising category. In particular (34) [C(sl(2), 2)] 16 = 1.
It is also completely anisotropic for all l except l = 2 and it was shown in [DMNO] that (35) [C(sl(2), 10)] = [C(sl(2), 2)] 7 .
For l = 2 we have two possibilities: either C(sl(2), 4l + 2) + is of infinite order in sW or C(sl(2), 4l + 2) + is braided equivalent to its reverse C(sl(2), k) [j] for all j = 2s. This is equivalent to saying that
is an integer for any s = 0, ..., 2l + 1. Clearly this can happen only for l = 1. Indeed, as was shown in [DMNO] , one has the following relation between classes in W: (36) [C(sl(2), 6)] 2 = [C(sl(2), 2)] 3 , which implies that the class of C(sl(2), 6) + in sW has order 2. For all other values of l the class of the category C(sl(2), 4l + 2) + is of infinite order in sW. So far we have collected simple, completely anisotropic, non-degenerate categories C(sl(2), 2l + 1) + , l ≥ 1, C(sl(2), 4l) 0 A , l ≥ 3, l = 7 and s-simple, completely anisotropic, slightly degenerate categories C(sl(2), 4l + 2) + , l ≥ 3.
By looking at the Frobenius-Perron dimensions we can see that all categories in the third series are different. It is easy to see by looking at the multiplicative central charges that the first two series have empty intersection and that all categories in the series are different. Moreover their corresponding slightly degenerate categories of the form C ⊠ sVec are s-simple, completely anisotropic and all different to each other. Finally none of them can appear in the third series (simply because in contrast to the categories in the third series their symmetric centers split out). Thus they are generators of the torsion free part of the subgroup of W generated by classes [C(sl(2), k)].
Thus we have established the following.
Theorem 5.21. All relations between the classes [C(sl(2), k)] in the Witt group W follow from the relations (30 -36).
Proposition 5.22. Let I be a finite subset of the set of odd positive integers. The category ⊠ k∈I C(sl(2), k) + is completely anisotropic.
Proof. It is known that categories ⊠ k∈I C(sl(2), k) + are completely anisotropic [KiO] . By Corollary 5.10 it suffices to show that C(sl(2), k) + ∼ = (C(sl(2), k ′ ) + ) rev for any odd k = k ′ . This is clear from looking at the Frobenius-Perron dimensions of categories C(sl(2), k) + .
